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Abstract: The N =28 shell gap in sulfur, argon, calcium and titanium isotopes is investigated in the framework of
relativistic continuum Hartree-Bogoliubov (RCHB) theory. The evolutions of neutron shell gap, separation energy,
single particle energy and pairing energy are analyzed, and it is found that N = 28 shell gap is quenched in sulfur
isotopes but persists in argon, calcium and titanium isotopes. The evolution of N = 28 shell gap in N = 28 isotonic
chain is discussed, and the erosion of N = 28 shell gap is understood with the evolution of potential with proton
number.
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1 Introduction
Since Goeppert-Mayer [1] and Haxel et al [2] inde-
pendently interpreted magic numbers above 20 with in-
troducing the spin-orbit (SO) coupling in the one-body
nuclear potential, shell structure has been considered as
an essential aspect of atomic nucleus and the magic num-
bers have become the cornerstones for the development
of nuclear physics. With the development of radioactive
ion beam facilities around the world, it creates the possi-
bility for exploring the new shell structure and examining
the traditional magic numbers for exotic nuclei far from
the β-stability line [3]. It is found that away from stabil-
ity, the traditional magic numbers could disappear, such
as N = 8 [4, 5], 20 [6, 7], and 28 [8–11], and new magic
numbers could appear, such as N = 16 [12] and 34 [13].
Besides, new magic number [14, 15] and new symmetry
are topics in nuclear physics [16–27].
The neutron-rich N ≃ 28 nuclei play a crucial role
in the nucleosynthesis of the heavy Ca-Ti-Cr isotopes
and are now experimentally accessible in the modern ra-
dioactive ion beam facilities [8]. A lot of experimental
efforts have been devoted to determining whether the
N =28 shell closure is eroded in neutron-rich nuclei and
if yes, in which specific isotopic chains it is. Mass mea-
surement and spectroscopic experiments have shown that
N = 28 shell closure is absent in silicon [11, 28–30] and
sulfur isotopes [9, 10, 31–33]. For argon isotopes, the
persisted N = 28 shell closure is shown in β decay [34],
γ-ray spectroscopy [35, 36], Coulomb excitation [9, 37],
knockout [38] and transfer [39, 40] reaction experiments.
However, a life measurement of 2+1 state of
46Ar deduced
a high B(E2) value [41], which is at odd with the above
experiments. Very recently, the mass of 47−48Ar has been
measured, which provides strong evidence for the closed
shell nature of neutron number N = 28 in argon and
demonstrates argon is the lowest even-Z element exhibit-
ing the N =28 shell closure [42].
Theoretically, a lot of approaches have been employed
to describe properties of neutron-rich N ≃ 28 nuclei
within the framework of shell model [43–50] and self-
consistent mean field theory [51–61]. In relativistic mean
field (RMF) approach, the axial RMF theory suggested
N = 28 shell closure is broken in 42Si and 44S [51]. The
triaxial RMF theory predicted a shape evolution from
prolate shapes for 42−44S to triaxial shapes for 48−52S,
then an oblate shape for 54S and to a spherical shape
for 56S [52]. Taking the pairing correlation into account,
relativistic Hartree-Bogoliubov (RHB) theory based on
harmonic oscillator basis predicted a strong suppression
of the N =28 shell gap for neutron-rich magnesium, sili-
con and sulfur isotopes [53]. Furthermore, the erosion of
the N = 28 shell closure and low-energy collective spec-
tra in neutron-rich nuclei are described with the beyond
mean field method generator coordinate method [56, 58],
which are based on Gogny interaction and relativistic
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density function based five dimensional collective Hamil-
tonian [59].
In order to describe the neutron-rich exotic nuclei
with N ≃ 28, one should consider carefully the coupling
of continuum which is crucial for exotic nuclei. Coor-
dinate space, in which the continuum is discretized by
suitably large box boundary conditions, is a proper rep-
resentation for treating continuum [62, 63]. As an exten-
sion of the relativistic mean field and the Bogoliubov
transformation in the coordinate representation, rela-
tivistic continuum Hartree-Bogoliubov (RCHB) theory
provides a self-consistent treatment of pairing correla-
tions in the presence of the continuum. The RCHB the-
ory has achieved great success in describing the ground-
state properties of nuclei far from the β-stability line,
including the first microscopic self-consistent description
of halo in 11Li [64], prediction of giant halos in light and
medium-heavy nuclei [65, 66] as well as new magic num-
bers in superheavy nuclei [15], and reproduction of inter-
action cross section and charge-changing cross sections in
light exotic nuclei [14, 67]. Later, as a generalization to
the deformed nuclei, the deformed relativistic Hartree-
Bogoliubov theory in continuum (DRHBc) has been de-
veloped [68–70].
In this paper, we will investigate N =28 shell closure
in sulfur, argon, calcium and titanium isotopes with the
RCHB theory. The evolution of shell gap will be an-
alyzed and the comparison between theory and exper-
iment will be included. In Section 2, we give the for-
malism of the RCHB theory. The numerical details are
presented in Section 3 and we discuss results for sulfur,
argon, calcium and titanium isotopes in Section 4. A
summary is given in Section 5.
2 Theoretical framework
We briefly describe the framework of RCHB theory.
All the details on the RCHB theory can be found in
Refs [64, 71]. The starting point is a point-coupling La-
grangian density where nucleons are described as Dirac
spinors,
L = Lfree+L4f +Lhot+Lder+Lem, (1)
with
Lfree = ψ¯(iγµ∂
µ−M)ψ (2)
L4f = −
1
2
αS(ψ¯ψ)(ψ¯ψ)−
1
2
αV (ψ¯γµψ)(ψ¯γ
µψ)
−
1
2
αTV (ψ¯~τγµψ)(ψ¯~τγ
µψ) (3)
Lhot = −
1
3
βS(ψ¯ψ)
3−
1
4
γV [(ψ¯γµψ)(ψ¯γ
µψ)]2
−
1
4
γS(ψ¯ψ)
4 (4)
Lder = −
1
2
δS∂ν(ψ¯ψ)∂
ν(ψ¯ψ)−
1
2
δV ∂ν(ψ¯γµψ)∂
ν(ψ¯γµψ)
−
1
2
δTV ∂ν(ψ¯~τγµψ)∂
ν(ψ¯~τγµψ) (5)
Lem = −
1
4
F µνFµν−e
1−τ3
2
ψ¯γµψAµ, (6)
whereM is the nucleon mass, and αS , αV , αTV , αTS , βS,
γS, γV , δS , δV , δTV , δTS are the coupling constants. Aµ
and Fµν are respectively the four-vector potential and
field strength tensor of the electromagnetic field.
Starting from the Lagrangian density (1), one can de-
rive the relativistic Hartree-Bogoliubov (RHB) equation
for the nucleons [72],
∫
d3r′
(
hD−λ ∆
−∆∗ −hD+λ
)(
Uk
Vk
)
= Ek
(
Uk
Vk
)
,(7)
where Ek is the quasiparticle energy, λ is the chemical
potential, and hD is the Dirac Hamiltonian,
hD(r)=α ·p+V (r)+β(M +S(r)), (8)
and the scalar and vector potentials are, respectively,
S(r) = αSρS+βSρ
2
S+γSρ
3
S+δS△ρS , (9)
V (r) = αV ρV +γV ρ
3
V +δV△ρV +eA0
+αTV τ3ρTV +δTV τ3△ρTV , (10)
with the local densities
ρS(r) =
∑
k>0
V¯k(r)Vk(r),
ρV (r) =
∑
k>0
V †k (r)Vk(r), (11)
ρTV (r) =
∑
k>0
V †k (r)τ3Vk(r),
where, according to the no-sea approximation, the sum
over k > 0 runs over the quasiparticle states correspond-
ing to single particle energies in and above the Fermi
sea.
The pairing potential reads
∆kk′(r,r
′) = −
∑
k˜k˜′
Vkk′,k˜k˜′(r,r
′)κk˜k˜′(r,r
′), (12)
with the pairing tensor κ = U∗V T and a density-
dependent delta pairing force
V pp(r1,r2) = V0δ(r1−r2)
1
4
(1−P σ)(1−
ρ(r1)
ρ0
).(13)
Considering spherical symmetry, the quasiparticle
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wave function can be written as
ψiU =
(
i
G
ijl
U
(r)
r
Y ljm(θ,φ)
F
ijl
U
(r)
r
(σ · rˆ)Y ljm(θ,φ)
)
χt(t),
ψiV =
(
i
G
ijl
V
(r)
r
Y ljm(θ,φ)
F
ijl
V
(r)
r
(σ · rˆ)Y ljm(θ,φ)
)
χt(t). (14)
Then, the RHB equation depends only on the radial co-
ordinates and can be expressed as the following integral-
differential equations:
dGU
dr
+
κ
r
GU (r)−(E+λ−V (r)+S(r))FU (r)
+r
∫
r′dr′∆F (r,r
′)FV (r
′)= 0
dFU
dr
−
κ
r
FU (r)+(E+λ−V (r)−S(r))GU (r)
+r
∫
r′dr′∆G(r,r
′)GV (r
′)= 0
dGV
r
+
κ
r
GV (r)+(E−λ+V (r)−S(r))FV (r)
+r
∫
r′dr′∆F (r,r
′)FU (r
′)= 0
dFV
r
−
κ
r
FV (r)−(E−λ+V (r)+S(r))GV (r)
+r
∫
r′dr′∆G(r,r
′)GU (r
′)= 0. (15)
If the zero-range pairing force is used, the above coupled
integral-differential equations are reduced to differential
ones, which can be directly solved in coordinate space.
3 Numerical details
In order to describe the continuum and its coupling
to the bound states properly, the solution of RCHB
equation (15) is carried out in coordinate space within
a spherical box of radius R = 20 fm and a step size
of 0.1 fm. It is checked that for these values of the
grid, suitable convergence is achieved for all the re-
sults presented here. In the present calculation, for
particle-hole channel the density functional PC-PK1 [73]
is used, which has achieved great success in describ-
ing not only nuclear ground-state but also various of
excited-state properties, including nuclear mass [74–79],
nuclear low-lying excited states [80–87], quadrupole and
magnetic moments [88, 89], magnetic [90–93] and anti-
magnetic [94–98] rotation bands, multiple chiral doublet
bands [99, 100], stapler band [101], pairing transition at
finite temperature [102], exotic shape [103], fission bar-
rier [104–106], shape coexistence and α decay [107, 108],
isoscalar proton-neutron pairing and β decay [109–113],
etc. For particle-particle channel, the density-dependent
delta pairing force (13) is used with the saturation den-
sity ρ0 equals to empirical value 0.152 fm
−3. The pairing
strength V0 =685.0 MeV fm
3 is fixed by reproducing the
experimental odd-even mass differences of Ca isotopes,
Sn isotopes, N =20 isotones and N =50 isotones.
4 Results and Discussion
Systematical calculation for sulfur, argon, calcium
and titanium isotopes is performed using RCHB the-
ory with effective interaction PC-PK1 [73]. The calcu-
lated two-neutron separation energy S2n and the neutron
shell gap defined by one-neutron separation energy Sn,
Dn(Z,N) = (−1)
N+1[Sn(Z,N +1)−Sn(Z,N)] [114], are
in good agreement with available experimental values.
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Fig. 1. (Color online) The evolution of neutron
shell gap Dn =(−1)
N+1[Sn(Z,N+1)−Sn(Z,N)]
as a function of neutron number for sulfur, argon,
calcium, and titanium obtained in RCHB calcu-
lation with effective interaction PC-PK1, and Dn
from experimental data is also shown for compar-
ison.
Neutron shell gap Dn provides a readily recognizable
signature of a shell closure [114]. A peak in Dn at a
certain neutron number along with a change in the Dn
level before and after that neutron number gives a good
indication of a shell gap [114].
Fig. 1 shows the values of Dn for sulfur, argon, cal-
cium and titanium isotopes obtained from experiment
and RCHB calculation with effective interaction PC-
PK1. The experimental data are from AME2012 mass
table [115] and recent data for 48−49Ar [42]. As shown in
Fig. 1(a) and discussed in Ref. [42], Dn peaks at N =28
together with a significant reduction of its value after
N = 28 for argon, calcium and titanium isotopes, which
clearly indicates the N = 28 neutron shell closure in
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these isotopes, while the vanish of these signatures for
sulfur isotopes demonstrates sulfur does not exhibit the
N =28 closed shell. Dn from RCHB calculation presents
the same evolution trend with the experimental results,
Dn for argon, calcium and titanium from RCHB theory
reaches a peak at N =28 and follows a drop for N > 28,
and sulfur isotope does not present these features. One
may examine the N = 20 shell closure in these isotopic
chains as well. As it also can be seen in Fig. 1, both the
experimental and theoretical results show the peaks at
N =20 for sulfur, argon, calcium and titanium isotopes,
which indicates the existence of N =20 shell gap in these
isotopic chains. It is noted that, the experimental value
of Dn for calcium at N =20 is larger than the other three
isotopes, while the large experimental value of Dn is also
found for argon and titanium at N = 18 and N = 22,
respectively. But these behaviors do not exist in theo-
retical results, the reason may be the absence of Wigner
term [116–118] in the calculations.
Two-neutron separation energy S2n(Z,N) =
BE(Z,N)−BE(Z,N − 2) is also a widely used probe
of neutron shell gap. Generally, the trend of S2n with
neutron number N is smooth, except after having passed
a major shell gap. There, when adding two more neu-
trons, the S2n value drops significantly. A remarkable
decline of S2n indicates the occurrence of a neutron shell
closure.
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Fig. 2. (Color online) The two-neutron separation
energy S2n trend for sulfur, argon, calcium and ti-
tanium from RCHB calculation employing effec-
tive interaction PC-PK1 (open circles) is shown
along with S2n from experimental masses(solid
squares).
Fig. 2 shows the two-neutron separation energy S2n
for sulfur, argon, calcium and titanium isotopes from
RCHB theory and experimental data [115]. As it can
be seen that good agreement between theory and exper-
iment exists for sulfur, argon, calcium and titanium iso-
topes. A sharp drop in S2n from both RCHB calculation
and experiment occurs for argon, calcium and titanium
isotopic chains when crossing N = 28, which reveals the
N =28 closed shell. On the other hand, the evolution of
S2n for sulfur isotopic chain displays a different pattern.
An increase in S2n is observed in the sulfur chain when
crossing N = 28 both for theory and experiment, which
clearly shows the vanish of N =28 shell closure in sulfur
isotopes.
In Fig. 3, the calculated neutron single particle states
for 40−50S, 42−52Ar, 44−54Ca and 46−56Ti are shown, as
well as the neutron chemical potentials from RCHB the-
ory. It can be found that with the increase of neutron
number, chemical potentials for sulfur, argon, calcium
and titanium isotopes rise gradually. From the titanium
isotope to sulfur isotope with a given neutron number,
the chemical potential is getting higher and close to the
continuum. For nuclei 50Ti, the chemical potential λn
coincides with the energy of the last occupied single par-
ticle orbit 1f7/2 because neutron paring collapse occurs
in its RCHB calculation.
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Fig. 3. (Color online) Neutron single particle states
from RCHB calculation with effective interaction
PC-PK1 as the function of neutron number for
sulfur, argon, calcium and titanium isotopes. The
neutron chemical potential λn is shown by dashed
lines. For nucleus 50Ti, neutron chemical poten-
tial λn is equal to the energy of last occupied level
1f7/2 due to pairing collapse.
As it can be seen, with the decrease of proton num-
ber, single particle levels 1f5/2, 2p1/2, 2p3/2 and 1f7/2
are gradually rising and approaching to the continuum,
meanwhile the shell gap between 2p3/2 and 1f7/2 is re-
duced as the proton number decreases. To give insight
into the evolution of shell gap between 2p3/2 and 1f7/2,
an average shell gap for different isotopes is introduced
here, which is defined as 〈∆〉 = (
∑N=34
N=24
∆N )/N , where
∆N is the shell gap between 2p3/2 and 1f7/2 for a given
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nucleus. For titanium isotopes, the average shell gap
between 2p3/2 and 1f7/2 is 5.10 MeV, for calcium and
argon isotopes the value are 4.26 and 3.54 MeV, respec-
tively. However, the average shell gap for sulfur is only
2.74 MeV, which indicates that N = 28 shell closure is
quenched in sulfur isotopes.
Pairing energy which usually vanishes at the closed
shell and has a maximum value in the middle of two
closed shells, can be used as a probe of magic number as
well [15]. In Fig. 4, the neutron pairing energies for sul-
fur, argon, calcium and titanium isotopes obtained from
RCHB theory with PC-PK1 are shown as the function
of neutron number. It can be seen clearly, for titanium,
calcium and argon isotopes, the pairing energies peak at
N = 28 and are close to zero. However, for sulfur iso-
tope the peak at N = 28 vanishes and pairing energy
at N = 28 is very close to the N = 26 maximum value,
which reflects that sulfur does not exhibit N = 28 shell
closure.
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Fig. 4. (Color online) Neutron pairing energy in
RCHB calculation with effective interaction PC-
PK1 as the function of neutron number for sulfur,
argon, calcium and titanium isotopes.
According to the discussions above, it can be found
that, with the decrease of proton number, N = 28 shell
gap decreases dramatically in the RCHB calculation. As
mentioned in the introduction, the axial RMF and tri-
axial RMF theories as well as RHB theory based on har-
monic oscillator basis have shown the erosion of N =28
shell closure in sulfur isotope. The present RCHB calcu-
lation indicates that the reduction of N =28 shell closure
in sulfur isotope still exists even though with spherical
assumption. Further investigation of deformed relativis-
tic Hartree-Bogoliubov theory in continuum [68–70] is
necessary to figure out the effects of deformation.
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Fig. 5. (Color online) Neutron single particle states
in nuclei 44S, 46Ar, 48Ca and 50Ti obtained from
RCHB calculation with effective interaction PC-
PK1. The neutron chemical potential λn is shown
by dashed lines.
Furthermore, to investigate the evolution of N = 28
shell gap more deeply, the neutron single particle orbits
of 44S, 46Ar, 48Ca and 50Ti are shown in Fig. 5. As it
can be seen that, with the decrease of proton number,
the shell gap between 2p3/2 and 1f7/2 decreases rapidly.
From 50Ti to 44S, the shell gap between 2p3/2 and 1f7/2
is reduced from 5.10 MeV to 2.71 MeV. It also should be
noted that, single particle level 1f7/2 is increasing rapidly
from 50Ti to 44S, but level 2p3/2 is going up slightly with
the decrease of proton number. As a consequence, the
N =28 shell closure is weakening obviously in sulfur iso-
tope.
The reason for the change of single particle levels
1f7/2 and 2p3/2 with the decrease of proton number may
be traced to the change of potential. By deducing the
Dirac equation to the Schro¨dinger-like equation for the
upper component, the effective potential felt by single
nucleon could be expressed as V (r) + S(r) + Vcent(r) +
Vls(r) [119, 120]. In Fig. 6, the effective potentials of
1f7/2 and 2p3/2 for
44S, 46Ar, 48Ca and 50Ti are shown,
together with the corresponding single particle levels. It
can be seen that the effective potentials for 1f7/2 and
2p3/2 are well separated due to the centrifugal barrier
Vcent(r) and spin-orbit potential Vls(r) which are rela-
tive to orbital angular momentum. The potentials for
1f7/2 are higher than those for 2p3/2. From
50Ti to 44S,
the potentials for both 1f7/2 and 2p3/2 are getting more
shallow, and the single particle levels are also rising grad-
ually.
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Fig. 6. (Color online) Effective potential V (r) +
S(r)+Vcent(r)+Vls(r) of 1f7/2 and 2p3/2 for
44S,
46Ar, 48Ca and 50Ti obtained from RCHB calcula-
tion with effective interaction PC-PK1 are shown,
together with corresponding single particle levels.
In order to investigate the evolutions of single particle
levels with the change of potentials, the change of sin-
gle particle energy ∆ε = ε(i) − ε(
50Ti), potential depth
∆V0 = V
(i)
0 − V
(50Ti)
0 and surface diffuseness ∆(
r2
r1
) =
(
r2
r1
)(i)−(
r2
r1
)(
50Ti) for 1f7/2 and 2p3/2 are shown in Fig. 7,
where i represents nuclei 44S, 46Ar, 48Ca and 50Ti, r1
and r2 correspond to the radial coordinate at 0.1 times
potential depth and 0.9 times potential depth, respec-
tively. It can be seen from Fig. 7(a) that, for 1f7/2 ∆ε
linearly increases with the variation of proton number,
and for 2p3/2 ∆ε also increases but the slope is less than
1f7/2. In Fig. 7(b), the change of potential depth ∆V0
displays a similar evolution tendency with ∆ε for both
1f7/2 and 2p3/2, which indicates that the change of po-
tential depth may be the major reason for the the change
of single particle energy.
A different evolution trend can be found for the
change of surface diffuseness ∆(
r2
r1
) in Fig. 7(c), that
from 50Ti to 44S, ∆(
r2
r1
) only increases slightly for 1f7/2
but increases rapidly for 2p3/2. Taking both the poten-
tial depth and the surface diffuseness into account, it can
be found that the relatively small change of potential
depth and relatively large change of surface diffuseness
for 2p3/2 result in its slower rise in single particle energy
than 1f7/2. As a consequence, the N =28 shell closure is
eroded in sulfur isotope.
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Fig. 7. (Color online) The change of single par-
ticle energy ∆ε = ε(i) − ε(
50Ti), potential depth
∆V0 = V
(i)
0 − V
(50Ti)
0 and surface diffuseness
∆(
r2
r1
)= (
r2
r1
)(i)−(
r2
r1
)(
50Ti) for 1f7/2 and 2p3/2 are
shown as the function of proton number, where i
represents nuclei 44S, 46Ar, 48Ca and 50Ti, r1 and
r2 correspond to the radial coordinate at 0.1 times
potential depth and 0.9 times potential depth, re-
spectively.
5 Summary
In summary, the N = 28 shell gap in sulfur, argon,
calcium and titanium isotopes is investigated with the
relativistic continuum Hatree-Bogoliubov (RCHB) the-
ory. Good agreement in the two-neutron separation en-
ergy S2n and the neutron shell gap Dn between theory
and experiment exists for sulfur, argon, calcium and ti-
tanium isotopes. The evolutions of neutron shell gap,
two-neutron separation energy, single particle energy and
pairing energy have been analyzed, and a consistent re-
sult that N = 28 shell gap is eroded in sulfur isotopes
while preserves in argon, calcium and titanium isotopes
is obtained from the analysis. The evolution of N = 28
shell gap in N = 28 isotonic chain is also discussed. As
the proton number decreases, the relatively small change
of potential depth and relatively large change of surface
diffuseness for 2p3/2 result in its slower rise in single
particle energy than 1f7/2, then leads to the erosion of
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N = 28 shell closure. It should be noted that, the re-
sults here indicate from 50Ti to 44S, with the decrease
of proton number the N = 28 shell closure is quenched,
even in the spherical case. Certainly, it is worth to self-
consistently consider continuum and deformation effects
on the erosion of N =28 shell gap in neutron-rich nuclei,
which could be investigated with the DRHBc theory [68–
70].
Precious guidance and advice from J. Meng and S.
Q. Zhang and helpful discussions with Z. X. Ren, S. H.
Shen and B. Zhao are acknowledged.
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